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Abstract The currently accelerated expansion of our
Universe is unarguably one of the most intriguing prob-
lems in today’s physics research. Two realistic non-
minimal torsion-matter coupling f(T ) models have been
established and studied in our previous papers [Phys.
Rev. D92, 104038(2015) and Eur. Phys. J. C77, 504(2017)]
aiming to explain this “dark energy” problem. In this
paper, we study the generalized power-law torsion-matter
coupling f(T ) model. Dynamical system analysis shows
that the three expansion phases of the Universe, i.e. the
radiation dominated era, the matter dominated era and
the dark energy dominated era, can all be reproduced
in this generalized model. By using the statefinder and
Om diagnostics, we find that the different cases of the
model can be distinguished from each other and from
other dark energy models such as the two models in
our previous papers, ΛCDM, quintessence and Chap-
lygin gas. Furthermore, the analyses also show that all
kinds of generalized power-law torsion-matter coupling
model are able to cross the w = −1 divide from below
to above, thus the decrease of the energy density result-
ing from the crossing of w will make the catastrophic
fate of the Universe avoided and a de Sitter expansion
fate in the future will be approached.
1 Introduction
It is suggested by observations including the type Ia
supernovae (SNIa), cosmic microwave background radi-
ation (CMB), baryon acoustic oscillations (BAO) and
large-scale structure (LSS) that our Universe is now in
ae-mail: zhaixh@shnu.edu.cn
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ce-mail: kychz@shnu.edu.cn
an acceleration phase of expansion. And this accelera-
tion is no doubt one of the most intriguing problems
in current physics research. To explain this weird phe-
nomenon, physicists introduced the cosmological con-
stant Λ back again, and constructed a new standard
model (ΛCDM), also known as the concordance model.
However, the value of Λ is too small to be explained
by any current fundamental theories. To alleviate this
troublesome problem, various dynamical dark energy
theories have been proposed, in which the energy com-
position is dependent on time. But these exotic fields
are still phenomenological, lacking theoretical founda-
tions. Besides adding unknown fields, there is another
kind of theories known as modified gravity, such as
f(R) gravities [1,2], the modified Newtonian dynamics
(MOND) cosmology [3], Poincare´ gauge theory [4–6].
On the other hand, the Teleparallel Equivalent of
General Relativity(TEGR) [7] was constructed by Ein-
stein. To modify TEGR, the simplest scheme is the
f(T ) gravity [8–20], which extends the torsion scalar
T in the Lagrangian to an arbitrary function f(T ). Al-
though TEGR is equivalent to GR, modified gravities
based on T are not similar to f(R) in many aspects,
among which there is an important advantage that the
equations of motion are second order instead of fourth
order.
Under the framework of Teleparallelism, further ex-
tensions to f(T ) gravities have also been proposed, such
as f(T, T ) gravities [21–23], where T is the trace of
the matter energy-momentum tensor Tµν , and f(T, TG)
theories [24–28], where TG is the teleparallel equiva-
lence of the Gauss-Bonnet term. One of these exten-
sions is the non-minimal torsion-matter coupling f(T )
gravity [29–32], in which we investigated the evolution
of the Universe [31] and the Solar system tests [32] for
realistic models.
2In this paper, we generalize the models in Refs.
[31, 32] to one including multiple terms of power-law
of the torsion scalar T . We establish the dynamical
systems for several cases of the model, and analyze
the critical points and the phase space. The different
phases of the Universe evolution are reproduced and
confirmed. Then we compare them with the two mod-
els in Refs. [31, 32], ΛCDM, quintessence and Chap-
lygin gas models using statefinder and Om diagnos-
tics. We find that the different cases of our model be
distinguished from each other and from other models.
Furthermore,we find that the evolution of equation of
state parameter w with cosmic time can cross the divide
w = −1 from below to above and approach to w = −1
in the future. In other words, all kinds of generalized
power-law torsion-matter coupling f(T ) model are able
to avoid the catastrophic big or little rip [33].
The main contents of this paper are as follows. In
Section 2, we briefly review the non-minimal torsion-
matter coupling f(T ) gravity. The model and its cos-
mological fit are given in Sec. 3. In Sec. 4, we study
our model using dynamical system analysis. We use
statefinder andOm diagnostics to investigate our model
in Sects. 5 and 6, respectively. Finally, Sec. 7 contains
our concluding remarks.
2 Equations of motion
In this section, we make a brief review of the equations
of motion for the non-minimal torsion-matter coupling
f(T ) gravity. In order to describe the evolution his-
tory of the Universe including the era before matter-
radiation equality, we adopt the action provided in Ref.
[31]:
S =
1
2κ
∫
|e|{[1 + f1(T )]T + [1 + f2(T )]LM
+ Lr}d
4x,
(1)
where κ = 8piG, |e| = det(eAµ ), f1(T ) and f2(T ) are
arbitrary functions of the torsion scalar T , and LM and
Lr are the matter and radiation Lagrangian densities.
Here the inverse vierbeins eAµ satisfy
eAµe
µ
B = δ
A
B, e
µ
A e
A
ν = δ
µ
ν , (2)
and they can be used to obtain the metric as
gµν = ηABe
A
µe
B
ν , ηAB = gµνe
µ
A e
ν
B . (3)
Furthermore, the torsion scalar T is defined as
T ≡ TαµνS
µν
α , (4)
where
Tαµν ≡ e
α
A (∂µe
A
ν − ∂νe
A
µ), (5)
and
S µνα ≡
1
2
(Kµνα + δ
µ
αT
βν
β − δ
ν
αT
βµ
β), (6)
with
Kµνα ≡ −
1
2
(T µνα − T
νµ
α − T
µν
α ). (7)
By varying the action (1) with respect to the vier-
bein field and using the unit κ = 1, one can obtain the
equation of motion as
1
2
e ρA T (1 + f1) + 2(1 + f1 + Tf
′
1 + f
′
2LM )
× [|e|−1∂µ(|e|e
α
A S
ρµ
α ) + e
α
AT
µ
ναS
ρν
µ ]
+ 8(2f
′
1 + Tf
′′
1 + f
′′
2 LM )(∂µT )e
α
A S
ρµ
α
+ 8f
′
2e
α
A S
ρµ
α (∂µLM )
=[(1 + f2)T
ρ
α(M) + T
ρ
α(r)]e
α
A ,
(8)
where T ρα(M) and T
ρ
α(r) are the matter and radiation
energy-momentum tensor, respectively, and the prime
indicates a derivative with respect to the torsion scalar
T .
We consider the Friedmann-Robertson-Walker(FRW)
Universe in Cartesian coordinates as
ds2 = −dt2 + a(t)2(dxi)2, (9)
where a(t) is the scale factor and i = 1, 2, 3. A vi-
able choice of tetrad is eAµ = diag(1, a, a, a) [31, 34].
Hence, the torsion scalar can be calculated as T =
−6H2, where H = a˙/a is the Hubble parameter and
overdot denotes the derivative with respective to cos-
mic time t. Choosing the matter Lagrangian density
as LM = −2ρM [29, 31, 35, 36] and assuming that the
matter and radiation contents of the Universe are per-
fect fluids with the energy momentum tensor Tµν =
pgµν+(ρ+p)uµuν , we can find the equations of motion
as
H2 =
1
3
(1 + f2)ρM +
1
3
ρr + 4H
2f
′
2ρM
−
1
6
[Tf1 + 12H
2(f1 + Tf
′
1)],
(10)
H˙ =− [
1
2
(1 + f2)(ρM + pM ) +
1
2
(ρr + pr)
− 2f
′
2Hρ˙M ]/[1 + f1 + Tf
′
1 − 2f
′
2ρM
− 12H2(2f
′
1 + Tf
′′
1 ) + 24H
2f
′′
2 ρM ],
(11)
where ρM , pM , ρr and pr are the densities and pressures
of matter and radiation. Here ρM = ρm + ρb, consist-
ing of cold dark and baryon matters. The continuity
equations for matter and radiation
ρ˙M + 3HρM = 0, (12)
3and
ρ˙r + 4Hρr = 0 (13)
can be obtained from Eqs. (10) and (11), independent
of f1 and f2.
3 The model with the best-fit parameters
In principle, we can consider the generalization of power-
law model as f1, f2 ∝
∑
∞
n=1
1
(−T )nm . For simplicity, we
only consider the two-term model as follows
f1 =
αH2m0
(−T )m +
γH4m0
(−T )2m , (14)
f2 =
βH2m0
ΩM0(−T )m
+
δH4m0
ΩM0(−T )2m
, (15)
where m, α, β, γ and δ are the dimensionless param-
eters to be determined, and H0 and ΩM0 ≡
ρM0
3H2
0
are
the current values of H and the matter density param-
eter ΩM . We consider five typical cases of the model
listed in Table 1. Obviously, Model I and Model II in
Refs. [31, 32] will be recovered when m = 1 in Case 5
and m = 1/2, γ = 0 in Case 3, respectively.
Table 1 Five cases of the generalized power-law model.
Case markers α β γ δ
Case 1 6= 0 6= 0 6= 0 6= 0
Case 2 0 6= 0 6= 0 6= 0
Case 3 6= 0 0 6= 0 6= 0
Case 4 0 0 6= 0 6= 0
Case 5 0 6= 0 6= 0 0
Substituting T = −6H2 into the Friedmann equa-
tion (10), we can rewrite it in the following form:
E2 =ΩM0a
−3 +Ωr0a
−4
+ β(2m+ 1)6−mE−2ma−3
+ δ(4m+ 1)6−2mE−4ma−3
+ α(2m− 1)6−mE2−2m
+ γ(4m− 1)6−2mE2−4m,
(16)
with the constraint at present time (a0 = 1)
ΩM0 +Ωr0 + [α(2m− 1) + β(2m+ 1)]6
−m
+ [γ(4m− 1) + δ(4m+ 1)]6−2m = 1,
(17)
where E ≡ HH0 , Ωr0 ≡
ρr0
3H2
0
. Eq. (16) can also be rewrit-
ten as
E(a)2 = ΩM0a
−3 +Ωr0a
−4 +ΩDE(a)E(a)
2, (18)
where
ΩDE(a) =β(2m+ 1)6
−mE(a)−2m−2a−3
+ δ(4m+ 1)6−2mE(a)−4m−2a−3
+ α(2m− 1)6−mE(a)−2m
+ γ(4m− 1)6−2mE(a)−4m,
(19)
and
ΩDE0 = β(2m+ 1)6
−m + δ(4m+ 1)6−2m
+ α(2m− 1)6−m + γ(4m− 1)6−2m
= 1−ΩM0 −Ωr0.
(20)
By using the data of CMB [37–39], BAO [38,40–43]
and joint light-curve analysis [38, 44], we perform cos-
mological fit for our model, and list the fitting results
in Table 2, where we have fixed Ωr0 = 0.00009 accord-
ing to Ref. [31]. The ΛCDM result is also listed as a
reference.
Naturally, with T = −6H2, at current time, we have
f1 =
α
6m +
γ
62m and f2 =
β
6mΩM0
+ δ62mΩM0 . This means
that the present values of f1 and f2 only depend onΩM0
and the dimensionless parameters in the model but not
H0. Therefore, according to Table 2, the parameters of
the model do not need any fine-tuning.
With the best-fit values in Table 2, we plot the evo-
lutions of the density parameters for Case 1 in Fig. 1.
Furthermore, from continuity equation, one can obtain
the equation of state of effective dark energy wDE(a) =
−1 − 13
d ln ρDE
d ln a . Using Eqs. (16) and (19), we plot the
evolution of wDE(a) for the five cases in Fig. 2. At
present time, wDE0 = −0.9704,−0.9866,−0.9768,−0.9883
and −0.9985 for Case 1, 2, 3, 4, and 5, respectively.
In the following sections, the parameters of the cases
are set as the best-fit values listed in Table 2.
ΩM
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Fig. 1 (color online). Evolution of ΩM , Ωr and ΩDE with
the best-fit values of the parameters for Case 1.
4 Dynamical system analysis
4.1 Autonomous system
In this section, we build the dynamical systems for
our model. Defining new variables X ≡ ΩM ≡
ρM
3H2 ,
Y ≡ Ωr ≡
ρr
3H2 , and N = ln(a), we can rewrite Eqs.
(10)–(13) as
(1 + f2 − 2Tf
′
2)X + Y − (f1 + 2Tf
′
1) = 1, (21)
4Table 2 Best fitting parameters for Cases 1 – 5.
Parameters Case 1 Case 2 Case 3 Case 4 Case 5 ΛCDM
m 1.095+0.238
−0.194
1.012+0.176
−0.172
0.995+0.160
−3.366
0.666+0.106
−0.120
1.372+0.182
−0.189
–
α 2.697+2.196
−4.520
– 2.492+1.590
−3.366
– – –
β 0.108+0.247
−0.194
0.306+0.293
−0.240
– – 1.037+0.493
−0.387
–
γ 1.242+1.128
−1.589
5.151+8.271
−6.359
1.627+1.155
−0.985
3.808+1.521
−1.843
11.141+16.238
−9.865
–
δ 1.101+1.831
−1.589
0.784+1.311
−1.299
1.124+1.359
−1.008
0.344+0.450
−0.305
– –
Ωb0h
2 0.0220+0.0003
−0.0003 0.0220
+0.0003
−0.0003 0.0220
+0.0003
−0.0003 0.0220
+0.0003
−0.0003 0.0220
+0.0003
−0.0003 0.0221
+0.0002
−0.0002
Ωm0 0.254
+0.011
−0.010
0.255+0.010
−0.009
0.254+0.010
−0.010
0.255+0.010
−0.009
0.255+0.009
−0.009
0.257+0.009
−0.009
H0 69.00
+1.37
−1.40
68.75+1.34
−1.23
69.04+1.26
−1.20
68.79+1.30
−1.22
68.83+1.27
−1.27
68.03+0.74
−0.74
χ2/d.o.f 683.534/735 683.644/736 683.511/736 683.758/737 683.767/737 684.081/739
Case 1
Case 2
Case 3
Case 4
Case 5
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Fig. 2 (color online). Evolution of wDE with the best-fit val-
ues of the parameters for Cases 1 – 5.
H˙
H2
=− [
3
2
(1 + f2 − 2Tf
′
2)X + 2Y ]/[1 + f1
+ 5Tf
′
1 + 2T
2f
′′
1 + (Tf
′
2 + 2T
2f
′′
2 )X ],
(22)
and
dX
dN
=
dΩM
dN
= −X(3 + 2
H˙
H2
), (23)
dY
dN
=
dΩr
dN
= −Y (4 + 2
H˙
H2
). (24)
For a certain model f1 and f2, we can get T = T (X,Y )
from Eq. (21). Then according to Eq. (22), Eqs. (23)
and (24) can be written in the forms
dX
dN
= −X [3− 2(
c1X + 2Y
c2 + c3X
)], (25)
dY
dN
= −Y [4− 2(
c1X + 2Y
c2 + c3X
)], (26)
where
c1 =
3
2
(1 + f2 − 2Tf
′
2),
c2 = 1 + f1 + 5Tf
′
1 + 2T
2f
′′
1 ,
c3 = Tf
′
2 + 2T
2f
′′
2 .
(27)
For our model given by Eqs. (14) and (15), we have
T = −2−1/mH20K
1/m, (28)
dX
dN
=X{K2ΩM0(3X + 4Y − 3)− 6K(m− 1)
× [βX(2m+ 1) + αΩM0(2m− 1)]
− 12(2m− 1)[δX(4m+ 1)
+ γΩM0(4m− 1)]}
/{ΩM0[K
2 + 2αK(2m− 1)(m− 1)
+ γ(32m2 − 24m+ 4)]
+ 2mX [βK(2m+ 1) + 4δ(4m+ 1)]},
(29)
and
dY
dN
=Y {K2ΩM0(3X + 4Y − 4)− 2K
× [βX(8m2 − 2m− 3) + 4αΩM0(2m
2
− 3m+ 1)]− 4[δX(32m2 − 4m− 3)
+ 4γΩM0(8m
2 − 6m+ 1)]}
/{ΩM0[K
2 + 2αK(2m− 1)(m− 1)
+ γ(32m2 − 24m+ 4)]
+ 2mX [βK(2m+ 1) + 4δ(4m+ 1)]},
(30)
where
K =
1
(1 −X − Y )ΩM0
{βX(2m+ 1)
+ αΩM0(2m− 1) + {[βX(2m+ 1)
+ αΩM0(2m− 1)]
2 + 4ΩM0(1 −X − Y )
× [δX(4m+ 1) + γΩM0(4m− 1)]}
1
2 }.
(31)
Thus Eqs. (29) and (30) are now the 2-dimensional au-
tonomous differential equations with the only two inde-
pendent variables X and Y .
54.2 Fixed points and phase space
Take Case 1 for example. By making
dX
dN
= 0,
dY
dN
= 0, (32)
we can find the fixed points of the dynamical system,
which are shown in Table 3. The eigenvalues (µ, ν) of
the fixed points are also listed in the table. Since the
fitting results suggest that m > 0, the fixed points A, B
and C are always repeller, saddle and attractor, respec-
tively. Furthermore, we list in Table 3 the behaviors of
scale factor a and the deceleration parameter q for each
of the fixed points. The fixed points of Cases 2 – 5 have
similar properties to Case 1.
Table 3 The fixed points and their properties for Case 1
Fixed
points (X, Y ) (µ, ν) Stability a(t) q
A (0, 1) (1, 4m) Repeller ∝ t
1
2 1
B (1, 0) (−1, 3m) Saddle ∝ t
2
3
1
2
C (0, 0) (−4,−3) Attractor ∝ eHt -1
Here q = −1 − H˙
H2
is the deceleration parameter,
(µ, ν) are two eigenvalues of each point.
The phase space of Case 1 is illustrated in Fig. 3.
One can see that the evolution of the Universe begins
from point A, corresponding to the radiation dominated
era, goes near the neighborhood of point B, correspond-
ing to the matter dominated era, then passes through
point P0, representing the current state of the Uni-
verse and finally will arrive at point C, or equivalently
ΩDE = 1, corresponding to the dark energy dominated
era. The phase spaces of Cases 2 – 5 are of the similar
behaviors.
5 Statefinder diagnostic analysis
Usually, Hubble parameter H = a˙a and deceleration pa-
rameter q = −1− H˙H are used to describe the expansion
of the Universe, but they can not characterize the cos-
mological models which happen to have the same or
very similar current values of H and q. To character-
ize and distinguish our model, in this section, we use
statefinder diagnostic for Cases 1 – 5 and the other
models such as ΛCDM, the two models in Refs. [31,32],
quintessence [45–47] and Chaplygin gas [48–50].
The statefinder pair (r, s) is defined in Ref. [51] as
r =
...
a
aH3
, (33)
s =
r − 1
3(q − 12 )
. (34)
P0C
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LB
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( 
r
)
Fig. 3 (color online). The phase space for Case 1. The gray
area is the physical part of the phase space for which T =
−6H2 < 0 and 0 6 ΩM0, Ωr 6 1. The trajectories drawn with
solid and dashed lines represent physical and unphysical paths
for the system, respectively. The thick solid line is the path
which passes through the point P0(X = 0.30021, Y = 0.00009)
representing the current state of the Universe. LA is the line
on which Eqs. (29) and (30) become singular. LB is the line
on which a common factor of Eqs. (29) and (30) evaluates
zero.
q and r can be rewritten in the following form:
q = −1−
1
H
dH
dN
, (35)
and
r = 1 + 3
1
H
dH
dN
+ (
1
H
dH
dN
)2 +
1
H
d2H
dN2
. (36)
Using Eq. (16), we plot the evolution of q, r, s as func-
tions of N numerically in Figs. 4, 5 and 6.
Case 1
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Case 4
Case 5
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Fig. 4 (color online). The evolution of deceleration parame-
ter q for Cases 1 – 5.
From Fig. 4, one can see that for most part of the
evolution, the parameter q is not very distinguishable
6ΛCDM
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Fig. 5 (color online).The evolution of statefinder parameter r
for Cases 1 – 5. The horizontal line represents ΛCDM model.
Case 1
Case 2
Case 3
Case 4
Case 5
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Fig. 6 (color online). The evolution of statefinder parameter
s for Cases 1 – 5.
among the cases. However, in Figs 5 amd 6, the evolu-
tionary curves of r and s help separate different cases,
which admits the significance of the statefinder param-
eters r and s.
Figs. 7 and 8 illustrate the q − r diagram and s − r
diagram of the cases. Figs. 5, 7 and 8 further demon-
strate the merits of the statefinder pair (r, s) and help
differentiate the cases. In Fig. 5, one can observe that
for all the cases, the evolutionary curves of our model
cross the ΛCDM line from above to below in the past
and will converge to the de Sitter evolution eventually.
The loops in Fig. 8 also depict this characteristic. For
all the cases of our model, the trails of s − r diagram
pass through the point (s = 0, r = 1), which represents
the ΛCDM model. And after some detours, the trails
come back to this point. According to Eqs. (33) and
(34), the loops suggest that the crossings of r curves
from above the ΛCDM line to below and their conver-
gence to the ΛCDM model all happen in the q < 1/2
region.
Furthermore, using the statefinder parameters, we
compare Case 1 of our model with other cosmologi-
cal models such as the two models in Refs. [31, 32],
quintessence and Chaplygin gas model, and plot the
◦
Case 1
Case 2
Case 3
Case 4
Case 5
-1.0 -0.5 0.0 0.5
0

	
1.0
1.1
1.2
q
r
Fig. 7 (color online).The q − r diagram of Cases 1 – 5. The
filled rounded markers on each line locate the current values
of the statefinder pair(q, r) for the corresponding cases and
the empty rounded marker is the point (q = −1, r = 1).
○
Case 1
Case 2
Case 3
Case 4
Case 5
-0.3 -0.2 -0.1 0.0 0.1
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Fig. 8 (color online).The s − r diagram of Cases 1 – 5. The
filled rounded markers on each line locate the current values
of the statefinder pair(s, r) for the corresponding cases and
the empty rounded marker is the point (s = 0, r = 1).
q − r and s − r diagrams in Figs. 9 and 10. It can be
observed from these two graphs that the cases of our
model can not only be told apart from each other, but
also be distinguished from other models.
6 Om dianostic analysis
The Om diagnostic [52] is another useful tool to re-
solve the degeneracy amongst dark energy models. It is
a combination of the Hubble parameters and the cosmo-
logical redshift, and provides a null test of dark energy
being a cosmological constant Λ. Om is determined by
Om(z) ≡
E2(z)− 1
(1 + z)3 − 1
(37)
as a function of the redshift z, where E(z) = H(z)H0 , and
for the model at hand, it is given by Eq. (16).
7Case 1
Model I
Model II
ΛCDM
Quintessence
Chaplygin gas
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Fig. 9 (color online). The q − r diagram of Case 1, Model
I and Model II in Refs. [31, 32], ΛCDM, quintessence and
Chaplygin gas. The rounded markers on their corresponding
lines locate the current values of the statefinder pair(q, r) for
the corresponding models.
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Fig. 10 (color online). The s − r diagram of Case 1, Model
I and Model II in Refs. [31, 32], ΛCDM, quintessence and
Chaplygin gas. The rounded markers on their corresponding
lines locate the current values of the statefinder pair(s, r) for
the corresponding models.
For ΛCDM model, since E2(z) = ΩM0(1+ z)
3+(1−
ΩM0), Om(z) is a horizontal line in z − Om diagram,
namely, Om(z) = ΩM0, while dynamical dark energy
models give curves. For quintessence dark energy model
where wDE > −1, Om(z) has a negative slope and
Om(z) > ΩM0, while for phantom model where wDE <
−1, it has a positive slope and Om(z) < ΩM0.
For the five cases of our model we plot Om(z) in Fig.
11. From the illustration one can see that in the past the
curves of all the cases have crossed the corresponding
horizontal lines representing ΛCDM models with the
same values of best-fit ΩM0 as the corresponding cases,
which is in accordance with the evolution of wDE plot-
ted in Fig. 2 and statefinder r plotted in Fig. 5. We
also plot the Om diagram of other dark energy models
in Fig. 12 for contrast.
It has been studied that various types of singularity
might occur in phantom scenarios [53]. Some mecha-
nisms have been proposed to avoid these catastrophic
singularities. For example, it has been shown that these
singularities in the future of the cosmic evolution might
be avoided if we take suitable potential term [54–56],
the phantom-generalized Chaplygin gas [57,58], and the
torsion cosmology [4]. By using the analyses above, we
found that the evolution of the equation of state param-
eter w with cosmic time can cross the divide w = −1
from below to above and approach to w = −1 in the
future, that is to say, all kinds of generalized power-law
torsion-matter coupling f(T ) model are able to avoid
the catastrophic big or little rip [33].
Case 1
Case 2
Case 3
Case 4
Case 5
0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.28
0.29
0.30
0.31
0.32
0.33
z
O
m
Fig. 11 (color online). The Om diagrams of Cases 1 – 5 with
the best-fit ΩM0 as 0.300, 0.302, 0.300, 0.301, 0.301, respec-
tively. The horizontal lines represent ΛCDM models with the
same values of best-fit ΩM0 as the corresponding cases.
7 Concluding remarks
The two non-minimal torsion-matter coupling f(T ) mod-
els established in the previous papers [31,32] are highly
successful in describing the observations of the expan-
sion history of the Universe and its large scale struc-
ture, as well as the Solar system tests of gravity. We
have generalized those two models in this paper, and
investigated several different cases of this generalized
power-law torsion-matter coupling f(T ) model.
Using the dynamical system analysis, we find that
the generalized power-law torsion-matter coupling f(T )
model confirms the usual physical area of the phase
space. The stability analysis of the critical points shows
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Fig. 12 (color online). The Om diagrams of Case 1, Model I,
Model II, ΛCDM, quintessence and Chaplygin gas.
that the model can reproduce the different expansion
phases of the Universe, i.e. the radiation dominated era,
the matter dominated era and the dark energy domi-
nated era, and it has a de Sitter expansion fate in the
future.
Employing the statefinder diagnostic, we find that
the five cases of our model can be distinguished from
each other, and from other cosmology models such as
the two models in Refs. [31, 32], ΛCDM, quintessence
and Chaplygin gas. The evolutionary trajectories of the
statefinder of the cases also have common properties in
that they all pass the r = 1 state from above to below
in the past and that they will converge to this state
eventually in the future.
Moreover, by using the Om diagnostic, we confirm
that the five cases of our model all cross w = −1 di-
vide, which is in accordance with the evolution of wDE
and statefinder diagnostic. For Cases 1, 2, 3, 4 and 5,
the crossings happen at z = 0.358, 0.311, 0.245, 0.274
and 0.200, respectively. It is worth noting that cross-
ing w = −1 divide happened lately and the decrease of
the energy density resulting from the crossing of w will
make the catastrophic fate avoided.
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